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Introduction
cohomology Hochschild([6]), MacLane ([8]), Cartan and
Eilenberg ([2]) , .
$R$ , $\Lambda$ $R$ $R$ . $M$ \Lambda -
, $n\geq 0$ Hochschild cohomology $H^{n}(\Lambda, \Lambda I)$ . ! $\lambda I$
$R$ $\Gamma$ , $H^{*}(\Lambda, \Gamma):=\oplus_{n>0}H^{n}(\Lambda, \Gamma)$ cup
, $\Lambda$ Hochschild cohomology
. Hochschild cohomology $\mathrm{A}\backslash$ ,
Hochschild cobomology
.
$G$ . $RG$ Hochschild cohomology o) . .
, $\Gamma=RG$ Hochschfld cohomology $H^{*}(RG, RG)$ $HH^{*}(RG)$ ‘
$\langle$ . $G$ , $HH^{*}(RG)$ RG\otimes $H^{*}(G, R)$
([3], [7]). $\llcorner \text{ }\backslash$ , $G$
. , $HH^{*}(RG)\simeq\oplus_{j}H^{*}(G_{j}, R)$
([1, Theorem 2112]), Siegel and Witherspoon i $\not\supset\Pi^{\backslash }\grave{(}$
, ([10]).
, $G_{j}$ $G$ centralizer .
$\mathrm{A}\backslash$
, $\mathrm{F}_{3}S_{3},$ $\mathrm{F}_{2}A_{4}$ , F2D2 Hochschild cohomology $\iota_{\sqrt}\backslash$ .
, $G$ $\mathbb{Z}G$ Hochschild cohomology $HH^{*}(\mathbb{Z}G)$
, .
$\Lambda \mathit{1}$ $\mathbb{Z}G$- , $G$- )M . ,
$H^{n}(\mathbb{Z}G, \Lambda I)\simeq H^{n}(G, \psi\Lambda I)$ cup . , $H^{n}(G, \psi^{\Lambda I})$
$C_{Y}$ $\Lambda I$ cohomology . $e$ $\mathbb{Q}G$ .
, $H^{*}(\mathbb{Z}G, \mathbb{Z}Ge,)\simeq H^{*}(G, \psi_{J}\mathbb{Z}Ge,)$ . ( $e$. $=1$ ,
$HH$‘ $(\mathbb{Z}G)\simeq H^{*}(G, \psi \mathbb{Z}G)$ . , cohomology ( } $f$ $\int_{\Pi}^{\pm^{-}}\mathrm{J}$
.$-\wedge$ , $H^{n}\cdot(G, -)$
$G$
$|_{\sqrt}\backslash$
. , – , 2,
4 resolutiou , cohomology
. $G$ , $G$ cohomology
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$H^{8}(G, ’ \mathbb{Z}Ge)$ , $\mathbb{Z}G$ Hochschild cohomology $H\sim \mathbb{Z}G,$ $\mathbb{Z}Gc$ )
([4], [5]).
1. Hochschild cohomology agroup cohomlogy
$R$ , $\Lambda$ $R$ $R$ $\llcorner,$ $\Lambda/I$ $\Lambda^{\mathrm{e}}$- (
$1$
$\Lambda$-7JI ) . $(P, d)$ $\Lambda$ $\Lambda^{\mathrm{e}}$-projective resolution
$(P, d)$ : $\cdotsarrow P_{3}arrow P_{2}d_{3}arrow P_{1}d_{2}arrow P_{0}d_{1}-^{\epsilon}\mathit{1}1arrow 0$
, complex
$(\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda^{\mathrm{e}}}(P, M),$ $d^{\#})$ :
$0arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}\circ(P_{0}, \Lambda I)arrow \mathrm{H}o\mathrm{m}_{\Lambda^{\mathrm{e}}}(P_{1}, \mathbb{J}I)d_{1}^{\#}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}\Leftrightarrow(P_{2}, \Lambda I)d_{2}^{\#}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda^{\mathrm{e}}}(P_{3}, \Lambda I)d_{3}^{\#}arrow\cdots$
. , $n\geq 0$ 11 $\Lambda l$ Hochschild
cohomology : $H^{n}(\Lambda, \Lambda/I)=\mathrm{K}\mathrm{e}\mathrm{r}d_{n+1}^{\#}/{\rm Im} d_{n}\#$. $N$ 1’1-
, Hochschild cohomology! cup :
. : $H^{p}(\Lambda, M)\otimes_{R}H^{q}(\mathit{1}1, N)arrow H^{p+q}(\Lambda, \Lambda,I\otimes_{\Lambda}N)$.
$\alpha\otimes\beta$ $\alpha\cdot(i$ , , $\alpha$ $\beta$
. cup diagonal approximation $\triangle_{p,q}$ : $P_{p+q}arrow P_{p}\otimes_{\Lambda}P_{q}$
. , cup resolution . , $L$ 11-
, associativity : $\alpha\in H^{p}(\Lambda, \mathrm{A}I),$ $\beta\in H^{q}(\mathit{1}1, N),$ $\gamma\in H^{r}(\Lambda, L)$
$(\alpha\cdot\beta)\cdot\gamma=\alpha\cdot(\beta\cdot\gamma)$ . $\Gamma$ $R$ , $\Lambda$ $\Gamma$ R-
. , $\Gamma$ $\Lambda$- , $H^{*}(\Lambda, \Gamma):=\oplus_{n\geq 0}H^{n}(\Lambda, \Gamma)$
cup , $J4$
Hochschild cohomology . ( , $\Gamma=\mathit{1}1$ Hochschild cohomology
$HH^{*}(44)$ . $HH^{*}(\wedge/1)$ anti-commutative, $\alpha\in HH^{p}(\mathit{1}1),$ $\beta\in HH^{q}(A^{\cdot}4)$
$\alpha\beta=(-1)^{pq}\beta\alpha$ .
group cohomology . $G$ , $\mathbb{Z}G$ , $A$
$G$- . $(Z, d)$ $\mathbb{Z}$ free resolution
$(Z, d)$ : $\cdotsarrow Z_{3}arrow Z_{2}arrow Z_{1}d_{3}d\underline{\supset}\underline{d_{1}}Z_{0}arrow^{6}.1arrow 0$
, complex
$(\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{Z}G}(Z, A),$ $d^{\#})$ :
$0arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{Z}G}(Z_{0}, A)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{Z}G}(Z_{1}, A)d_{1}^{\#}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{Z}G}(Z_{2}, A)d_{2}^{\#}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{Z}G}(Z_{3}, A)d_{3}^{\#}arrow\cdots$
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. , $n\ovalbox{\tt\small REJECT} 0$ $G$ $A$ group cohomology
$\ovalbox{\tt\small REJECT} H^{7}(G, A)\ovalbox{\tt\small REJECT} \mathrm{K}\mathrm{e}\mathrm{r}d\ovalbox{\tt\small REJECT} 5../{\rm Im} d\parallel$ . , $G$ group cohomology clip
:
. : $H^{p}(G, A)\otimes H^{q}(G, B)arrow H^{p+q}(G, A\otimes B)$ .
$\alpha\otimes\beta$ $\alpha\cdot\beta$ , $\alpha$ $\beta$
. cup diagonal approximation $\triangle_{p,q}$ : $Z_{p+q}arrow Z_{p}\otimes Z_{q}$ ( .
. , cup resolution $\mathrm{b}^{\mathrm{a}}$ . , associativity
. $G$- A , $\sigma$ . $(ab)=(\sigma\cdot a)(\sigma\cdot b)$ $(\sigma\in G, a, b\in A)$
, cup , $H^{*}(G, A)=\oplus_{n>0}H^{n}(G, A)$
, $G$ cohomolo .
$M,$ $N$ $\mathbb{Z}G$- , $G$- .f, $\psi N$
. , $H^{n}(\mathbb{Z}G, \mathrm{A}/I)\simeq H^{n}(G, \psi M)$ , [
$\mathrm{h}$ cup
. , :





$H^{p}(G, \psi \mathrm{A}/I)\otimes H^{q}(G, \psi N)arrow.\mu H^{p+q}(G, \psi(\Lambda I\otimes_{\mathbb{Z}G}N))$ .
, $\cdot\mu$ $\mathbb{Z}G$- $\mu$ : $M\otimes Narrow\Lambda^{J}I\otimes_{\mathbb{Z}G}N\cdot a|\otimes b\vdasharrow a\otimes_{\mathbb{Z}G}b$
cup . , $HH^{*}(\mathbb{Z}G)\simeq H^{*}(G, \psi \mathbb{Z}G)$
.
$e$ $\mathbb{Q}G$ . $\llcorner^{\iota}\backslash \ovalbox{\tt\small REJECT} \mathfrak{h}\backslash \wedge^{\backslash }\backslash$ . , $\phi$ : $\mathbb{Z}Garrow \mathbb{Z}Ge;x\vdash\Rightarrow xe$ (for
$x\in G)$ , $\mathbb{Z}$ $\mathbb{Z}Ge$ ZG- l
. Hochschild cohomology $H^{*}(\mathbb{Z}G, \mathbb{Z}Ge)$ ,
, $HH^{*}(\mathbb{Z}G, \mathbb{Z}Ge)\simeq H^{*}(G, \psi \mathbb{Z}Ge)$ . $e=1$ , 1
$HH^{*}(\mathbb{Z}G)\simeq H^{*}(G, \psi \mathbb{Z}G)$ .
2. Hochschild cohomology ([4], [5])
$t\geq 2$ , $Q_{\iota}=\langle x, y|x^{2t}=1, .\prime r^{t},=y^{2}, yxy^{-\mathrm{I}}\iota=x^{-1}\rangle$ $4t$ # .
$A1=\mathbb{Z}Q_{f}$. . $\cdot$ 4 free resolution
$(\mathrm{I}’, \delta)$ “ $\Pi$
([2, Chapter XII, Section 7], $[11, \mathrm{C}\mathrm{h}\mathrm{a}\mathrm{p}\mathrm{t}(^{\mathrm{Y}}\mathrm{r}3_{\dagger}\mathrm{P}\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{t}\backslash ’]\vee$ ,
$\prod_{\iota\backslash }8.$ ). $(X, d)$ $Qt$
standard $\mathrm{r}(^{1},\mathrm{s}\mathrm{o}1\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ . $Q_{\iota}$ 2 rcsolutioll $(X, d)$ $(1’., \delta)$
$|_{\sqrt}\mathrm{a}$ ( $|\acute{\mathrm{n}}$
chain transforination $u,v$ . standard resolution $(X, d)\mathit{0})$ diagonal appr$()$ximation
$\Delta$ . , $(\Delta_{1’})_{p,q}:=(\uparrow \mathrm{p}\otimes u_{q})\cdot\Delta_{p,q}\cdot\prime n_{p+q}$ , $(’\Delta_{1}\cdot)_{\mu,q}$ i 4
$\theta$)
resolution $(1^{f}, \delta)$ .b. agonal $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}_{A}\mathrm{x}$ilnation $\underline{\triangleright}f_{\mathrm{d}\backslash }r^{\gamma}-\dot{.}$ .
, 4 $\text{ }$ resolution $( 1^{r}, \delta)$ $( 1^{r}, \delta)$ diagonal approximation $(’\Delta_{Y})$
, - cohomology ! , 11
Hochscbild cohomology .
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\S 2.1 , $Qt$ 2 resolution $(\mathrm{X}, d)$ $(Y_{)}\delta)$ chain transfor-
mation $u,v$ . chain transformation 4 resolution
diagonal approximation ( .
\S 2.2 , 11 Hochschild cohomology $HH^{*}(\mathit{1}^{\cdot}1)$
. ,
$HH^{*}(\Lambda):=\oplus H^{n}(\Lambda, \Lambda)n\geq 0arrow H^{*}(Q_{t,\psi^{\mathit{1}}}1)\sim:=\oplus H^{n}(Q_{t\psi},\Lambda)n-\geq 0$
, 4 resolution ,
cup 4 resolution diagonal approximation
. , , $\Lambda$ $\Lambda$ Qt-
. , $\mathbb{Z}arrow\psi\Lambda$ $\mathrm{c}\mathrm{o}\mathrm{h}_{01}\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}$ $H^{*}(Q_{t}, \mathbb{Z})arrow H^{*}(Q_{t\psi^{A}},4)$
. $H^{*}(Q_{t}, \mathbb{Z})$ , cohomology
$H$“ $(Q_{t}, \mathbb{Z})$ . $t=2^{r}$ , $H^{*}(Q_{2^{r}}, \mathbb{Z})$
( [11] ).
\S 2.3 , $t=2^{r}(r\geq 2)$ , $\mathbb{Q}Q_{2^{r}}$ order $\Gamma$
, $\Lambda=\mathbb{Z}Q_{2^{T}}$ Hochschild cohoinology $H^{*}(\Lambda, \Gamma):=\oplus_{n\geq 0}H^{n}(4/1, \Gamma)$
($r=1$ , [9] ). \S 2.2 . $e$. $=(1-x^{2^{r}})/2\in \mathbb{Q}Q_{2’}$ .
$e$ $\mathbb{Q}Q_{2^{r}}$ . $\grave{\llcorner}$ $J_{\backslash \mathrm{J}}$ . , $\zeta=xe,$ $i=x^{2^{r\cdot-1}}e,$ $j’=ye,$ $K=\mathbb{Q}(\zeta+\zeta^{-1})$
$\mathbb{Q}Q_{2^{f}}e$ I{ quaternion algebra . $K$ $R:=\mathbb{Z}[\zeta+\zeta^{-1}]$
, $\Gamma:=\Lambda e(=\mathbb{Z}Q_{2’}\cdot c^{\mathrm{J}})$ $\mathbb{Q}Q_{2^{\Gamma}}e$, $R$-order . $\psi$ : $\Lambdaarrow\Gamma^{\mathrm{c}};x\vdash+$
$(\otimes(\zeta^{-1})^{\mathrm{o}}, y\vdasharrow j\otimes(j^{-1})^{\mathrm{o}}$ , $\Gamma^{\mathrm{e}}$- $\Gamma$ Q2r-
, $\Gamma$ .
$H^{*}(\Lambda, \Gamma):=\oplus H^{n}(\Lambda, \Gamma)n\geq 0arrow H^{*}(\sim Q_{2^{r}\psi}.,\Gamma):=\oplus H^{n}(Q_{2’\cdot\psi},\Gamma)n\geq 0$
, 4 resolution ,
cup 4 resolution [7. diagonal approximation , $H^{*}(\mathit{1}’1, \Gamma)$
.
2.1. $Q_{l}\mathit{0}$) resolutions $Rl\lambda^{\phi}$ chain transformations
- 4 $\mathbb{Z}$ $\mathit{1}^{\cdot}1- \mathrm{f}\mathrm{r}(^{\backslash }.\mathrm{C}^{\backslash }\mathrm{r}\mathrm{c}_{\iota}\mathrm{s}^{\backslash }()1\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}11$
([2, Chapter XII, Section 7], [11, Cha.llter 3, $\mathrm{P}\mathrm{e}\mathrm{l}\cdot \mathrm{i}o\mathrm{d}\mathrm{i}\mathrm{e}:\mathrm{i}\mathrm{t}.\backslash ’]$ ,$\mathrm{H}_{\acute{\mathrm{I}_{\backslash \backslash }}}^{\mathrm{J}},\cdot’$ ):
$(1’, \delta)$ : . . . $arrow.\prime 1^{2}arrow \mathit{4}^{\cdot}1arrow \mathit{1}1arrow/1^{2}\delta_{1}\delta_{4}\delta_{3}arrow \mathit{1}1^{2}arrow A^{\prime 1arrow^{\mathcal{E}}\mathbb{Z}}\delta_{2}\delta_{1}arrow 0$,
$\delta_{1}(c_{1,2}(j)=c_{1},(x-1)+c_{2}(y-1)$ ,





, $L=x^{t-1}+x^{t-2}+\cdots+1(\in\Lambda),$ $\Lambda^{2}=\Lambda\oplus\swarrow 1,$ $N= \sum_{w\in Q\iota}w(\in\Lambda)$ .
$(X, d)$ $Q_{t}$ standard resolution . , $(1^{\nearrow}, \delta)$ $(X, d)$ $1_{\sqrt}\mathrm{a}$ (







Proposition 1. Chain transformation $v_{n}$ : $Y_{n}arrow\lambda_{n}^{r}$ $(n\geq 0)$ ( , \sim $\ovalbox{\tt\small REJECT} \mathfrak{h}\backslash$
:
$v_{0}(1)=[\cdot]$ ;




$’\iota l_{4k+4}(1)=[N]*v_{4k+3}(1)$ for $k\geq 0$ .
















$d_{\lambda,\mu}^{0,q}=a_{\lambda,\mu}$ (for $q=0,1$ ), $d_{\lambda,\mu}^{1,q}=\{$
$b_{\lambda,\mu}$. (for $q=0$)
$(j\lambda,\mu$ (for $q=1$ ).
Proposition 2. Chain transformation $u_{nn}$: $\grave{J}rarrow 1_{n}’$’ $(0\leq n\leq 3)\}$ :
$’\iota \mathit{1},0$ : $[\cdot]-*1$ ;
$u_{1}$ : $[x^{i}y^{p}]\vdasharrow(L_{i},px^{j})$ ;
$u_{2}‘$ : $[x^{j}.,y^{p}|x^{j}y^{q}]-\neq px^{i-j}(-q, L_{j})+d_{i_{\dot{d}}}^{p.q}(1-\prime x^{l}y, L.\tau,y)$ ;




, $0\leq i,$ $j,$ $k<2t,$ $p=0,1,$ $q=0,1$ .
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2.2. Hochschild cohomology 1 $HH^{*}(\mathbb{Z}Qt)$
Section , [10] , $4t$ –\rightarrow
$Q_{t}$ $\mathit{1}1=\mathbb{Z}Q_{t}$ Hochschild cohomology H$H^{*}$ ( $(\simeq H^{*}(Q_{t,\psi\angle}\cdot 1))$
. , $HH^{*}(\swarrow 4)\simeq H^{*}(Q_{t\psi \mathit{1}},1)$
, 4 resolution , cup 4
resolution agonal approximation . ,
\sim , $HH^{*}(_{\mathit{1}}4)\simeq\oplus_{j}H^{*}(G_{j}$ ,
, cup . ( $G_{j}$ $Q_{t}$
centralizer )
, 4 resolution $(1^{\Gamma}, \delta)$ functor $\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}(-, \psi^{\Lambda})$ , [ $\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}(\Lambda, \psi\Lambda)$
$\simeq\Lambda,$ $\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}(\mathit{1}1^{2}, \psi \mathit{1}1)\simeq\Lambda^{2}$ , complex :
$(\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}(1’, \psi\swarrow 4),$ $\delta^{\#})$ : $0arrow \mathit{1}1arrow \mathit{1}1^{2}arrow z4^{2}\delta_{1}^{\#}\delta_{2}^{\#}arrow \mathit{1}’1arrow\Lambdaarrow\delta_{3}^{\#}\delta_{4}^{\#}\delta_{1}^{\#}$ . . . ,
$\delta_{1}^{\#}(\lambda)=((x-1)\lambda, (y-1)\lambda)$ ,
$\delta_{2}^{\#}(\lambda_{1}, \lambda_{2})=(L\lambda_{1}-(y+1)\lambda_{2}, (xy+1)\lambda_{1}+(x-1)\lambda_{2})$ ,
$\delta_{3}^{\#}’(\lambda_{1}, \lambda_{2})=(x-1)\lambda_{1}-(xy-1)\lambda_{2}$ ,
$\delta_{4}^{\#}(\lambda)=N\lambda$ .
complex , $H^{n}(Q_{t\psi},\Lambda)$ .
Proposition 3. $H^{n}(Q_{t}, \psi\Lambda)$ $\mathbb{Z}$- :
Hn(Q $\psi\Lambda$)
$=\{$
$\mathbb{Z}\oplus \mathbb{Z}x^{t}\oplus\bigoplus_{i=1}^{t-1}\mathbb{Z}(x^{i}+x^{-i})\oplus \mathbb{Z}\Lambda fy\oplus \mathbb{Z}\mathrm{A}Ixy$ for $n=0$ ,
$\mathbb{Z}/4t\oplus \mathbb{Z}x^{\mathrm{t}}/4t\oplus\oplus \mathbb{Z}i=1t-1(x^{i}+x^{-i})/2t$
for $n\equiv 0$ $\mathrm{m}\mathrm{o}\mathrm{d} 4$ , $r\iota\neq 0$ ,
$\oplus \mathbb{Z}\Lambda Iy/4\oplus \mathbb{Z}A.I!.y/4$
0for $n\equiv 1$ nuod 4,
$\{\begin{array}{l}\mathbb{Z}(1,0)/2\oplus \mathbb{Z}(0,1)/2\oplus \mathbb{Z}(x^{t},0)/2t-1\oplus \mathbb{Z}(0,x^{f})/2\oplus\bigoplus_{i=1}\mathbb{Z}(x^{i},0)/2t\oplus \mathbb{Z}(\uparrow J\backslash /?)/4’\oplus \mathbb{Z}(0,\tau_{\prime}y)/4\mathbb{Z}(\frac{t-1}{-12},1)/4\oplus \mathbb{Z}(\frac{t-1}{2}a_{J}^{\sim},{}^{t}x^{t})/4t\oplus\oplus \mathbb{Z}(x^{i}.,0)/2t\oplus \mathbb{Z}(y,y)/4i=1\oplus \mathbb{Z}(0,xy)/4\end{array}$ $forfor$
.




0for $n\equiv 3$ nlod 4.
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, cup . $t$
. $H^{0}(Q_{t,\psi}\Lambda)$ :
$A_{0}=.1,$ $B_{0}=x^{t},$ $(C_{i})_{0}=x^{i}+x^{-i}$ $(1 \leq i<t)$ ,
$D_{0}=\Lambda’Iy,$ $E_{0}=l\mathrm{t}Ixy$ .
, $A_{0}$ $H^{*}(Q_{t\psi},\Lambda)$ . , cup .
, $H^{0}(Q_{l,\psi}\Lambda)$ cup $\Lambda$ $Z(\Lambda)$ . . ,
$H^{2}(Q_{t,\psi}\Lambda)$ :
$(A_{\alpha})_{2}=(1,0),$ $(A_{\beta})_{2}=(0,1),$ $(B_{\alpha})_{2}=(x^{t}, 0),$ $(B_{\beta})_{2}=(0,x^{t})$ ,
$(C_{i})_{2}=(x^{i}, 0)$ $(1\leq i<t),$ $D_{2}=(y, y),$ $E_{2}=(0, xy)$ .






, $(\triangle_{Y})^{\#}$ 4 resolution -b-. agollal approximation \Delta /
.
, $\mathbb{Z}$ $\Lambda=\mathbb{Z}Q_{t}$ $Q_{t}$- . , i
$\mathbb{Z}arrow\psi^{\Lambda}$ complete cohomology :
$\hat{H}^{*}(Q_{t}, \mathbb{Z}):=\oplus\hat{H}^{r}(Q_{t}, \mathbb{Z})r\in \mathbb{Z}arrow\hat{H}^{*}(Q_{t,\psi}\Lambda):=\oplus\hat{H}^{r}(Q_{t}, \psi\Lambda)r\in \mathbb{Z}$
.
$H^{4}(Q_{t,\psi}\mathit{1}\downarrow)$ 1 $A_{4}$ , $A_{4}$ $H^{4}(Q_{f}., \mathbb{Z})$ $4t$ (complete cohomol-
$\mathrm{o}\mathrm{g}\mathrm{y}$ ) . , $A_{4}$ $\hat{H}^{*}(Q_{t}, \psi 1)$ & \sim
. $A_{4}$ cllp periodicity isomorphism
$A_{4}$ . $-:H^{7}.(Q_{t,\psi^{4}}1)-\sim H^{r\cdot+4}(Q_{t,\psi^{A}}1)$ $(r\geq 0)$
. , $H^{4}(Q_{t,\psi^{A}}.1)$ $A_{4}$ $H^{0}(Q_{t,\psi}.1)$ $A_{0},$ $B_{0},$ $(C_{i})_{0}(1\leq i$. $<$
$t),$ $D_{0},$ $E_{0}$ , $H^{2}(\tau Q_{l,\psi^{\mathit{1}}}.1)$
$\mathrm{r}\ovalbox{\tt\small REJECT}$
$\grave{\backslash }\backslash \acute{\mathrm{t}}^{\mathrm{R}_{-}}-.\mathrm{r}$ .
. -h . ( $f,$ (
)
Theorem 1. $Q_{l}$ $4t$ -^ , $1=\mathbb{Z}Q_{l}$ .




$H^{0}(Q_{t},$ $\psi^{\mathit{4}’1)}$ $A_{0}$ , $B_{0}$ , $(C_{i})_{0}$ , $D_{0}$ , $E_{0}$ , $(1 \leq i<t)$
$H^{2}(Q_{t},$ $\psi^{\Lambda)}$ $(A_{\alpha})_{2},$ , $(A_{\beta})_{2}$ , $(B_{\alpha})_{2}$ , $(B_{\beta})_{2}$ , $(C_{i})_{2}$ , $D_{2}$ , E2, $(1 \leq i<t)$
$H^{4}(Q_{t},$ $\psi^{\mathit{1}1)}$ $A_{4}$
, $H^{4k+l}(Q_{t,\psi}\Lambda)$ $(A_{4})^{k}\lambda_{l}^{F}$ $(_{\lrcorner}\mathrm{Y}_{l}\in H^{l}(Q_{t,\psi}\Lambda), l=0,2)$
. , $A_{0}$ . ( )
(ii) $t$ , $H^{*}(Q_{t.,\psi}\Lambda)(\simeq HH^{*}(\Lambda))$ comrnutative , $\mathbb{Z}$ .L
.
$H^{0}(Q_{t}, \psi\Lambda)$ $A_{0}$ , $B_{0}$ , $(C_{i})_{0}$ , $D_{0}$ , $E_{0}$ , $(1 \leq i<t)$
$H^{2}(Q_{t}., \psi\Lambda)$ A2, $B_{2}$ , $(C_{i})_{2}$ , $D_{2}$ , E2, $(1 \leq i<t)$
$H^{4}(Q_{t}, \psi\Lambda)$ $A_{4}$
, $H^{4k+l}(Q_{t}$ , \psi $(A_{4})^{k}$ $\mathrm{Y}_{l}$ $(X_{l}\in H^{l}(Q_{t,\psi}\mathit{1}1), l=0,2)$
. , $A_{0}$ . ( )
, cohomology $H^{*}(Q_{t}, \mathbb{Z})arrow H^{*}(Q_{l,\psi}\swarrow 1)$ $H^{*}(Q_{t}, \mathbb{Z})$
, cohomology $H^{*}(Q_{t}, \mathbb{Z})$ :
Theorem 2. (i) $t$ ,
$H^{*}(Q_{t}, \mathbb{Z})\simeq\{$
$\mathbb{Z}[A, B, C]/(2A, 2B, 4tC, A^{2}, B^{2}-2tC, AB-2tC)$ , $t\equiv 0$ $\mathrm{m}\mathrm{o}\mathrm{d} 4$ ,
$\mathbb{Z}[A, B, C]/(2A, 2B, 4tC, A^{2}, B^{2}, AB-2tC)$ , $t\equiv 2$ $\mathrm{m}\mathrm{o}\mathrm{d} 4$ .
, $\deg A=\deg B=2,$ $\deg C=4$ .
(ii) $t$ ,
$H^{*}(Q_{t}., \mathbb{Z})\simeq\{$
$\mathbb{Z}[X, Y]/(4X, 4t1’., X^{2}-t1^{r})$ , $t\equiv 1$ lnod 4,
$\mathbb{Z}[X, 1’]/(4X, 4t1^{\prime’}, X^{2}-3t1^{r})$ , $t\equiv 3$ $\mathrm{m}\mathrm{o}\mathrm{d} 4$ .
, (leg $X=2,$ $\mathrm{d}\mathrm{c}\mathrm{g}Y=4$ .
, $t=2’$. , $H^{*}(Q_{2^{\mathrm{v}}}\cdot, \mathbb{Z})$ ( [11] ).
2.3. Hochschild cohomology $\ovalbox{\tt\small REJECT} H^{*}(\mathbb{Z}Q_{2^{l}}\cdot, \Gamma)$
Section , $t=2^{r}(r\geq 2)$ , $\mathbb{Q}Q_{2^{l}}$. order $\Gamma$
, $./1=\mathbb{Z}Q_{2’}$ . Hochschild cohomology $H^{*}(A\prime 1, \Gamma):=\oplus_{n\geq 0}H^{n}(41, \Gamma)$
($r=1$ , [9] ). ? 2.2 .
$e=(1-x^{2^{r}})/2$ $\mathbb{Q}Q_{2^{\mathrm{r}}}$ , $\zeta=xe$ , $\mathbb{Q}Q_{2^{r}}e$ $K:=$
$\mathbb{Q}((+\zeta^{-1})$ quatcrnion algcbra : $\mathbb{Q}Q_{2^{r}}e=K\oplus Ki\oplus Kj\oplus Kij$ $(i=x^{2^{r-1}}e.,$ $j=$
198
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$ye)$ . $R=\mathbb{Z}[(+\zeta^{-1}],$ $\Lambda=\mathbb{Z}Q_{2^{r}}$ , $\Gamma:=\Lambda e=R\oplus R\zeta^{-}\oplus Rj\oplus R\zeta j$ } $\mathbb{Q}Q_{2^{r}}e$,
$R$-order . $\psi$ : $\mathit{1}4arrow\Gamma^{e}.;xarrow\zeta\otimes(\zeta^{-1})^{\mathrm{o}}$ , y\vdash \rightarrow j\otimes (j-])
$\circ$ ( $\Gamma^{(^{3}}-f\mathrm{J}\mathrm{I}$
$\Gamma$ $Q_{2^{\mathfrak{l}}}$.- , , $\Gamma$ .
H*( $\Gamma$ )
$:=\oplus n\geq 0$
Hn( $\Gamma$ ) $arrow H^{*}(\sim Q_{2}.\Gamma):=\oplus H^{n}(Q_{2^{\tau},\psi}.\Gamma)r\iota\geq 0$
, 4 resolution ,
cup 4 resolution diagonal approximatiml } ,
$H^{*}(\mathit{1}1, \Gamma)$ . , $(\zeta. +\zeta^{-1})^{2}$ $R$ $2e$ ,
([5, Lemma 1] ) $\eta=2e/(\zeta+\zeta^{-1})\in R$ .
\S 2.2 , 4 rcsolution $(Y, \delta)$ functor $\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}(-, \psi\Gamma)$ }
$\mathrm{f}$ , (
$\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}(\Lambda, \psi\Gamma)\simeq\Gamma,$ $\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda}(\Lambda^{2}, \psi\Gamma)\simeq\Gamma^{2}$ , complex :






complex , $H^{n}(Q_{2^{r}}, \psi\Gamma)$ \sigma
.
Proposition 4. $H^{n}(Q_{2^{f},\psi}\Gamma)$ $R$ - :
$H^{n}(Q_{2^{r},\psi}\Gamma)$
$=\{\begin{array}{l}Rforn=0R/2^{r+1}(\zeta+\zeta^{-1})forn\equiv 0\mathrm{m}\mathrm{o}\mathrm{d}4,n\neq 0R(\zeta j-\eta j,0)/(\zeta+\zeta^{-1})\oplus R(0,e_{\prime}-\eta()/((+\zeta^{-1})\oplus R(j-\uparrow l\zeta j^{r},j^{\prime-\mathcal{T}}l(j)/((+(^{-1})for\cdot r\iota\equiv 11\mathrm{n}\mathrm{o}\mathrm{d}4R(2^{r-1}\eta\zeta,e)/(\zeta+(^{-1})\oplus R(e,0)/(\zeta+(^{-1})\oplus R(\zeta_{\backslash }0)/2’\uparrow l^{\oplus R(j,j)}/((+(^{-1})\oplus R_{\prime}(0,(j\prime)/((+\zeta^{-1})for\prime rl_{t}\equiv 2\mathrm{m}\mathrm{o}\mathrm{d}4R(e_{J}-\eta\zeta)/(\zeta+\zeta^{-1})\oplus Rj/(\zeta+(^{-\mathrm{I}})(e-\eta^{2})\oplus R((j-\eta j,)/((+(^{-1})for.||_{\prime}\equiv.3111\mathrm{o}\iota \mathrm{l}4\end{array}$
, $\mathrm{c}\mathrm{u}1^{\mathrm{J}}$ . $H^{1}(Q_{2^{t},\psi}.\Gamma)$ }
:
$A=(\zeta j-\eta j, 0),$ $B=(0, e-\eta\zeta),$ $C=(j-r_{l}\zeta j,j-\eta\zeta j)$ .
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, $A,$ $B,$ $C$ cup , 2 :
$A^{2}=(2^{r-1}\eta\zeta, e)$ , $B^{2}=(e, 0)$ , $C^{2}=(2^{r-1}\eta\zeta, e)+(e, 0)$ ,
$AB=BA=(0, \zeta j)$ , $AC=CA=2^{r-1}\eta^{2}(\zeta, 0)$ , $EC=CB=(j,j)$ .
, $H^{2}(Q_{2^{r},\psi}\Gamma)$ , $(\zeta, 0)$ $A,$ $B,$ $C$ .
, $H^{2}(Q_{2^{r},\psi}\Gamma)$ $A^{2}+B^{2}+C^{2}=0$ . $H^{2}(Q_{2^{\mathrm{r}}}, \psi\Gamma)$





$r=2$ , $H^{3}(Q_{4,\psi}\Gamma)$ $A,$ $B,$ $C,$ $D$ . $r>2$
, $H^{3}(Q_{2^{f},\psi}\Gamma)$ , $j$ $A,$ $B,$ $C,$ $D$




, $H^{4}(Q_{2^{l},\psi}.\Gamma)$ $e$ $F$ . , $H^{4}$ ( $Q_{2^{r}}$ , $\Gamma$ )
$A^{4}=2^{\uparrow\cdot+1}F$ $D^{2}=(((. +\zeta^{-1})^{2}-4)F$ .
, $\mathbb{Z}arrow\psi\Gamma;1-\not\simeq C^{\lrcorner}$, complete cobomology
:
$\hat{H}^{*}(Q_{2^{\mathrm{r}}}, \mathbb{Z}):=..\oplus_{\mathbb{Z}}\hat{H}^{r}(Q_{2’}\cdot, \mathbb{Z})\inarrow\hat{H}^{*}(Q_{2^{\mathrm{r}}\sqrt},.|\Gamma):=\oplus I\hat{\mathrm{f}}^{r}.(Q_{2^{r}\psi},\Gamma)r\in \mathbb{Z}$ .
$F$ $H^{4}(Q_{2’}\cdot, \mathbb{Z})$ , complcte cohomology $\hat{H}^{*}(Q_{2^{r}}, \mathbb{Z})$
, $F$ $\hat{H}^{*}(Q_{2^{\mathrm{v}}}\cdot, \mathbb{Z})$ . ,
$H^{5}(Q_{2^{r},\psi}\Gamma)$ $DE=ED=(0,0)$ , $H^{6}(Q_{2^{\mathfrak{l}},\psi}..\Gamma)$ $E^{2}=(0,0)$
. , $H^{*}(_{\mathit{4}^{l}}1, \Gamma)(\simeq H^{*}(Q_{2’\psi}.,\Gamma))$
:
200
Theorem 3. (i) $r=2$ $(R=\mathbb{Z}[\sqrt{2}c^{\mathrm{J}}])$ ,








, $\deg A=\deg B=\deg C=1,$ $\deg D=2,$ $\deg F=4$ .
(ii) $r>2$ $(R=\mathbb{Z}[\zeta+\zeta^{-1}])$ ,
$H^{*}(\mathbb{Z}Q_{2^{\mathrm{r}}}, \Gamma)\simeq R[A, B, C, D, E, F]/((\zeta+\zeta^{-1})A, (\zeta\cdot+\zeta^{-1})B,$ $(\zeta+\zeta^{-1})C$ ,
$2^{r}\eta D,$ $(e-\eta^{2})(\zeta+\zeta^{-1})E,$ $2^{r+1}(\zeta+\zeta^{-1})F$,
$A^{2}+B^{2}+C^{2},$ $AC-2^{r-1}\eta^{2}D$ ,
$A^{2}C,$ $AC^{2},$ $B^{3},$ $ABC,$ $BD,$ $A^{4}-2^{r+1}F$,
$D^{2}+(4-(\zeta+\zeta^{-1})^{2})F,$ DE, $E^{2}$ ).
, $\eta=2e/(\zeta+\zeta^{-1}),$ $\deg A=\deg B=\deg C=1,$ $\deg D=2,$ $\deg E=3,$ $\deg F=4$
.
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